We prove that every separated Artin stack of finite type over a noetherian base scheme admits a proper covering by a quasi-projective scheme. An application of this result is a version of the Grothendieck existence theorem for Artin stacks.
Statement of Results
The main goal of this note is to prove the following theorem (1.1), which in the language of ( [8] ) may be paraphrased as "condition ( * ) always holds".
Throughout we work over a fixed noetherian base scheme S, the reference to which is frequently omitted. Theorem 1.1 For any separated Artin stack X /S of finite type, there exists a proper surjective morphism p : X → X from a quasi-projective S-scheme X.
This theorem was first proven by O. Gabber (unpublished), who suggested to us the idea of the proof below.
As explained in ( [8] , 15.6), a consequence of (1.1) is the following theorem first proven by G. Faltings ([4] ): Theorem 1.2 Let f : X → Y be a proper morphism of locally noetherian Artin stacks over S. Then for any coherent sheaf F on X and any integer i ≥ 0, the sheaf R i f * F is coherent on Y.
In addition, by ([8] , 18.5.1) we have the following: Theorem 1.3 Let f : X → Y be a proper morphism of locally noetherian Artin stacks over S, and let Λ be a torsion noetherian ring. Then for any constructible lisse-étale sheaf F on X and i ≥ 0, the sheaf R i f * F is constructible on Y and its formation is compatible with arbitrary base change.
By ( [8] , 7.12), it also follows from (1.1) that if F : X → Y is a separated morphism of finite type between locally noetherian Artin stacks over S, then to verify that F is proper it suffices to show the valuative criteria of properness for discrete valuation rings ( [8] , 7.10 (ii)). This result had also previously been obtained by Faltings ([4] ) using a different method.
We also explain in this paper how to deduce the following generalization of the Grothendieck existence theorem ( [3] , III.5.1.4) to stacks. Special cases of this theorem had previously been obtained by Knutson for algebraic spaces ( [7] , V.6.3), tame Deligne-Mumford stacks by Abramovich and Vistoli ( [1] , A.1.1), and for separated Deligne-Mumford stacks by Olsson and Starr ([9] , 2.1).
Theorem 1.4
Let A be a noetherian adic ring, a ⊂ A an ideal of definition, and X /A a proper Artin stack. Then the functor sending a sheaf to its reductions defines an equivalence of categories between the category of coherent sheaves on X and the category of compatible systems of coherent sheaves on the reductions X n := X × Spec(A) Spec(A/a n+1 ).
A consequence of (1.4) is the following theorem whose proof can now be transcribed from ( [9] , section 2). Theorem 1.5 Let X be a separated locally finitely presented Artin stack over an algebraic space B, F a locally finitely presented quasi-coherent sheaf on X , and
the functor which to any T /B associates the isomorphism classes of locally finitely presented quasi-coherent quotients p * 2 F → G on T × B X which are flat over T and have support proper over T . Then Q is representable by a separated algebraic space locally of finite presentation over B.
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2 Proof of (1.1) 2.1. By replacing X by its irreducible components with the reduced structure, we may assume that X is reduced and irreducible. Since the map X → S then factors through some irreducible component of S with the reduced structure, we may further assume that S is integral.
We also reduce to the case when S is of finite type over Z as follows. By ( [10] , C.9), we can write S as a projective limit with affine transition maps S = lim ← − S α , where each S α is of finite type over Z. The stack X can be described by a groupoid (X 0 , X 1 , s, b, m, i) in algebraic spaces of finite type over S ( [8] 
, IV.8.10.5) this will hold after base change S α → S α for some α ≥ α. In what follows, we will therefore assume that S is integral and of finite type over Z.
2.2.
Let Z ⊂ X × X denote the closed substack defined by the kernel of the natural map
Since the diagonal ∆ is quasi-compact and quasi-separated, the sheaf ∆ * O X is quasi-coherent ( [8] , 13.2.6 (iii)) and the formation of ∆ * O X commutes with flat base change on X × X . In particular, for any flat morphism T → X × X from a scheme T the fiber product Z × X ×X T ⊂ T is the scheme-theoretic image of the map X × X ×X T → T . Since X is reduced it follows that there exists a dense open substack U ⊂ X such that the two projections
are flat.
2.3. Now observe that for any smooth 1-morphism v : V → X from a scheme V , Z defines a (not necessarily flat) equivalence relation on V . To see this, observe that
is equal to the scheme-theoretic image of the proper (since X is separated) morphism
This shows that Z V contains the diagonal of V × V and is invariant under the automorphism of V × V which interchanges the coordinates. The transitivity condition follows from the commutativity of the diagram
It follows that if Y → U is a smooth cover by a scheme Y , then Z defines a flat equivalence relation Z Y on Y . Define U := [Y /Z Y ] to be the resulting S-separated algebraic space of finite type over S. Since U is reduced and irreducible the space U is also reduced and irreducible.
Lemma 2.4 If K is an algebraically closed field, then the map
identifies U (K) with the set of isomorphism classes of objects in U(K).
Proof. Since K is algebraically closed, the map Y (K) → U (K) is surjective. Now two points y 1 , y 2 ∈ Y (K) define the same element in U (K) if and only if there exists an element r ∈ Z Y (K) with p i (r) = y i . Since the map
is surjective and of finite type, such an element r ∈ Z Y (K) lifts to a point in (Y × X Y )(K). This implies the lemma. 
2.5.
Observe that if U ⊂ U is an open sub-algebraic space and U := U × U U ⊂ U, then if we apply to above construction replacing U by U we simply recover U .
By ( [7] , II.6.7) there exists a dense open subset U ⊂ U which is a scheme, and since U is irreducible we can even find such U with U an affine scheme. Replacing U by U × U U and U by U we may therefore assume that U is an affine scheme. Furthermore, we may assume that the image of U in S is contained in an affine so that there exists an immersion ι : U → P(V ), for some locally free sheaf V on S. By replacing X by the scheme theoretic closure of the morphism U → X × P(V ) defined by the map U → U , we can also assume that ι extends to a commutative diagram
Since P(V ) is integral, there exists by ( [5] , Premiére partie 5.2.2) a blow-up B → P(V ) with support a nowhere dense closed subscheme of P(V ) such that if X denotes the strict transform of X , the map X → B is flat. Replacing X by X , we can therefore assume that we have a commutative diagram
with π surjective, separated, and flat, ι an open immersion, and P an irreducible quasi-projective scheme (take P to be the open image of X in B).
2.6.
To prove (1.1), it suffices to construct a projective surjective morphism p : P → P together with a dominant morphism s : P → X such that p = π • s. Indeed since the map π : X → P is separated, such a morphism s is proper and hence surjective.
Lemma 2.7 Let V → X be a smooth morphism with V a nonempty connected scheme, and let V = ∪ i V i be the decomposition of V into irreducible components. Let η ∈ P be the generic point and V i,η the fiber of V i over η.
→ X is smooth and dominant since X is irreducible. In particular, for all i and j the fiber product V o i × X V o j is nonempty as is its fiber over η. Let n be the rank of the locally free sheaf Ω
We now construct the data p : P → P and s ∈ X (P ) described in (2.6).
As in the lemma, let η ∈ P denote the generic point.
Let V → X be a quasi-compact smooth cover. If V = ∪ i {W i } is the decomposition of V into connected components, and if each W i,η has dimension d i , we can without loss of generality replace each
, where d = sup{d i }. We may therefore assume that all the connected components of V η have the same dimension. Let {V i } be the irreducible components of V . Each V i dominates P and the numbers dim(V i,η ) are by (2.7) all equal to some fixed number r. Note that this number r is also equal to the transcendence degree of the field extensions k(P ) → k(V i ). Observe also that since P is irreducible and X → P is flat, the morphism V → P is a flat surjection and ( [3] , IV.12.1.1.5) implies that the nonempty fibers of the projections V i → P are all equidimensional of dimension r.
Lemma 2.9 For each point p ∈ P 1 , there exists some V i , an open subset W ⊂ V i , and a dominant quasi-finite P -morphism ρ : W → P 1 whose image contains p .
Proof. Since the nonempty fibers of the projections V i → P are all equidimensional of dimension r, ( [3] , IV.13.3.1.1) implies that there exists for each v ∈ V i mapping to p ∈ P an open neighborhood U ⊂ V i of v and a quasi-finite morphism g : U → A r P such that the induced map g p : U p → A r k(p) is finite and surjective. By considering the standard open cover of P 1 = P r P by affine spaces A r P , we see that for any p ∈ P 1 mapping to p there exists an open subset W ⊂ V i of v and a quasi-finite morphism ρ : W → P 1 whose image contains p . Since both W η and P 1,η have dimension r this map ρ must be dominant. The lemma follows from this and the fact that the images of the V i cover P . 2 2.10. We can thus find an integral scheme P , a proper surjective map P → P , and a collection of integral X -schemes {v i : V i → X } of finite type for which the induced maps V i → P are dominant, together with quasi-finite dominant maps ρ i : V i → P for which the morphism
is surjective. Namely, set P = P 1 and for each p ∈ P choose a quasi-finite dominant morphism ρ : W → P as in (2.9) with image containing p . Then let {v i : V i → X } be the family obtained by taking finitely many of these W 's for which the images of the maps ρ cover P . Furthermore, since the V i and P are of finite type over Z and hence excellent, we can by ( [3] , IV.7.8.3 (vi))
replace the V i 's and P by their normalizations, and so we may in addition assume that the V i and P are normal.
2.11. Let K be a finite normal extension of k(P ) containing all the k(V i )'s. Let K be the fixed field of G := Gal(K /k(P )) so that K /K is Galois with group G (by Artin's theorem) and k(P ) ⊂ K is purely inseparable. Let P be the normalization of P in K . The group G := Gal(K /K) acts on P . Let V i be the normalization of V i in K , and note that by ( [3] , III.4.4.9) there are natural open immersionsṼ i → P over P whose Galois conjugates cover P . Replacing P by P and the V i by theṼ i and all their Galois conjugates, we are therefore reduced to the case when the ρ i : V i → P are open immersions covering P .
2.12. Let V = ∩ i V i , so that we have the objects {v i | V } of X (V ) which map the generic point of V to the generic point of X . Choose an ordering V 1 , . . . , V n of the V i . We show by induction on r ≤ n that we can assume that v 1 , . . . , v r are isomorphic over some dense open set V ⊂ V , after possible replacing P by its normalization in a finite extension of its function field. The case r = 1 is trivial. So we assume we have such an open set V for r − 1 and construct it for r.
Since the two maps In other words by setting T equal to the disjoint union of the {V i }, we can find a quasi-compact separatedétale covering T → P , a dominant map t : T → X , and a dense open subset D ⊂ T × P T together with a section
(2.13.1)
Observe that the restriction of s over the inverse image of V ∩ (∩ i V i ) ⊂ P satisfies the cocycle condition on the inverse image in T × P T × P T . Note also that Isom T × P T (p * 1 t, p * 2 t) is proper over T × P T since X is separated. Let W ⊂ Isom T × P T (p * 1 t, p * 2 t) be the closure of D. The map W → T × P T is then also proper, and since D → P isétale and P is irreducible, every irreducible component of D, and hence also of W , dominates P . Furthermore, after blowing up on P along a nowhere dense closed subscheme and replacing W by its strict transform, we may assume that W is flat over P . Since T × P T isétale over P , this implies that W → T × P T is an isomorphism, being a proper flat morphism which is generically an isomorphism. We thus obtain an isomorphism ι : p *
This isomorphism in fact satisfies the cocycle condition on T 3 := T × P T × P T . Indeed, let I denote the proper algebraic space Isom(p * 1 t, p * 3 t) over T 3 , and consider the two maps
These are two P -maps from a reduced P -scheme to a separated P -algebraic space which agree on a dense open set (the inverse image of V ∩ (∩ i V i )). Hence they are equal. It follows that t descends to a dominant 1-morphism s : P → X as desired.
3 Proof of (1 .4) 3.1. Let U → X be a smooth cover by a quasi-compact scheme and let U • be the resulting simplicial algebraic space ( [8] , 12.4). Denote by U
• the simplicial formal algebraic space obtained from U
• by completing along a. There is a morphism of ringed topoi j : 
Theorem 3.2 For any F ∈ D + coh (X ) and i ∈ Z, the natural map
is an isomorphism.
Proof. Using (1.1) fix a proper cover X → X with X a quasi-projective Ascheme, and let C ⊂ D + coh (O X ) be the full subcategory of objects for which (3.2) holds. Note that since X is proper over A the scheme X is proper (and hence even projective) over A. If
is a distinguished triangle in D 
is an isomorphism over a dense open substack of Y. Furthermore,
• the completion of q, and τ ≥s Lp * F ∈ D + (O Y ) the completion of τ ≥s Lp * F.
and hence
On the other hand, by ([3] , III.5.1.2) there is a natural isomorphism
We leave to the reader the verification that the diagram
commutes. In order to show that I * Rp * τ ≥s Lp * F is in C, and thereby (3.2), it therefore suffices to show that the natural map
is an isomorphism. By a standard reduction, this follows from the following Lemma: This completes the proof of (3.2).
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Corollary 3.4 For any two coherent sheaves F and G on X , the natural map
is an isomorphism for all i.
Proof. This follows from the local-to-global spectral sequence for Ext (see for example ([9], 2.2)). 
3.5.
We are now in position to prove (1.4). In this paragraph and (3.6) below it is only necessary that X /A is of finite type (but starting in (3.8) we assume that X /A is proper).
Let A denote the category of coherent sheaves on X , and let A denote the category of compatible systems {F n } of coherent sheaves on the X n . By (3.4), the functor F → F is fully faithful and identifies A with a full sub-category of the category of O U • -modules which is closed under extensions, kernels, and cokernels.
The category A can also be identified with a full subcategory of the category of O U • -modules: if {F n } is a compatible family of coherent sheaves on the X n , then by pullback we obtain a compatible family of coherent sheaves {F
• n } on the U • n , and this system in turn defines a sheaf on U
• . We thus obtain a functor
Call a sheaf F of O U • -modules coherent if for every n the sheaf F n on U n is coherent and if for each inclusion f : [n − 1] → [n] in the simplicial category the induced map f * F n−1 → F n is an isomorphism. By the same reasoning as in ( [8] , 12.8) the category of coherent O U • -modules is stable under extensions and the formation of kernels and cokernels in the category of all O U • -modules.
Lemma 3.6 The functor (3.5.1) induces an equivalence between the category A and the category of coherent sheaves of O U • -modules. In particular, the category A is abelian and the functor (3.5.1) is fully faithful with essential image stable under extensions, kernels, and cokernels.
Proof. Let F be a coherent sheaf of O U • -modules and write F n for the sheaf F/a n+1 F. Because each F m on U m is coherent, the natural map F → lim ← − F n is an isomorphism. Furthermore, for each n the sheaf F n is a quasi-coherent sheaf on U
• n in the sense of ([8], 13.2.4) and hence by (loc. cit.) is obtained from a unique quasi-coherent sheaf F n on X n . In fact, the sheaf F n is coherent since its pullback to U 0 n is coherent. Moreover, for each n the natural map F n+1 /a n+1 F n+1 → F n is an isomorphism, and hence the functor (3.5.1) is essentially surjective onto the category of coherent O U • -modules. Similarly, a morphismφ : F → G is given by a compatible family of morphismsφ n : F n → G n . Such a family is by (loc. cit.) obtained from a compatible family of morphisms ϕ n : F n → G n between the corresponding sheaves on the X n .
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Remark 3.7 Kernels in A are a bit mysterious as they cannot be computed "level by level". In other words, if ρ : {F n } → {G n } is a morphism in A the kernel Ker(ρ) is not equal to the system of kernels of the maps F n → G n .
3.8.
Observe that for each F ∈ A, the sheaf F is coherent and is simply the sheaf associated to the family of reductions {F n }. Thus the image of A is naturally contained in the image of A . We show by noetherian induction that in fact A = A (note that the case of the empty stack is trivial). We therefore assume that A contains every object of A obtained by pushforward from a compatible system of coherent sheaves on the reductions of a closed substack of X with nonempty complement, and show that this implies that A = A .
3.9.
Let N ⊂ O X be the nilradical of O X and let r be an integer with N r = 0. For any family {F n } ∈ A , the quotients {F n /N F n } also form an object of A and there is a natural map {F n } → {F n /N F n } in A whose kernel (in the category A ) is annihilated by N r−1 . Proceeding inductively, we see that to show that {F n } is in the essential image of A it suffices to consider the case when X is reduced.
Using (1.1), choose a proper surjection p : X → X with X a scheme, set X 2 := X × X X, and let q : X 2 → X be the projection. Given a compatible family {F n } of sheaves on the X n , we obtain compatible families {p * F n } and {q * F n } on the reductions of X and X 2 . By the Grothendieck existence theorem for algebraic spaces ( [7] , V.6.3), these families are obtained from coherent sheaves F X and F X 2 on X and X 2 . Let
and note that since p is proper and representable, F is coherent.
The associated sheaf F on U • can be described as follows. Let F denote the sheaf on U
• corresponding to the collection {F n }, and letp :
obtained by base change. By ( [7] , V.6.1) and the fact that completion is an exact functor on coherent sheaves
so in particular there is a natural map ψ :
The following lemma and noetherian induction now completes the proof of (1.4).
Lemma 3.10
There exists a closed substack j : Z ⊂ X with nonempty complement and compatible systems of coherent sheaves {K n } and {Q n } on the reductions of Z such that {j * K n } Ker(ψ) and {j * Q n } Coker(ψ).
Remark 3.11 In (3.10) it is possible that Z contains the closed fiber X 0 .
Proof. Let K ⊂ F be the sheaf on U • corresponding to Ker(ψ), and let Q be the sheaf corresponding to Coker(ψ), and let Z
• ⊂ U • be the closed formal algebraic space defined by the annihilator
• is the kernel of the natural map
In particular, the sheaves J • and O Z • are coherent, and hence Z • is obtained from a compatible family of closed substacks Z n ⊂ X n . To prove the lemma, it suffices to find a closed substack Z ⊂ X whose complement is nonempty such that each Z n is contained in Z . 
. Since g is surjective, the kernel of such a map has support equal to all of Z 0 , and since Z 0 is noetherian the result follows.
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Let E • ⊂ Z • be the closed algebraic sub-space defined by N • .
To prove the lemma, it suffices to find a closed substack Z ⊂ X with nonempty complement such that E • is the simplicial algebraic space obtained by base change from Z. To see this, let I ⊂ O X denote the ideal defining Z and let Z (n) ⊂ X denote the closed substack defined by I n with associated simplicial formal algebraic space Z To complete the proof of the lemma it suffices to show that the complement of Z is nonempty. Since X is reduced there exists a dense open substack V ⊂ X over which the morphism X → X is flat (for example let V be the maximal such open substack). Let Spec(R) ⊂ U 0 be an affine open set and let R be the completion of R along aR. Assume that Spec( R) is nonempty (since the closed fiber of U 0 is nonempty such an R exists). Since the map Spec( R) → X is flat, the pullback of V to Spec( R) is dense ( [3] , IV.2.3.10). In particular, the base change X × X Spec( R) → Spec( R) is flat over a dense open subset of Spec( R).
Now when we pullback to Spec( R) we can describe everything explicitly. Let F be the R-module corresponding to the pullback of the sheaf F, and let t : X R → Spec( R) (resp. s : X 2 R → Spec( R)) be the pullback of X → X (resp. X 2 → X ). Then F is the sheaf associated to the finite type R-module F := Ker(Γ(X R , t * F ) −→ Γ(X 2 R , s * F )) (3.12.1) and the pullback of Z has set-theoretic support equal to the set-theoretic support of the direct sum of the kernel and cokernel of the natural map F → F . Since the map t is flat over a dense open subset of Spec( R), the morphism F → F induces an isomorphism over some dense open of Spec( R) and hence the inverse image of Z has dense complement. In particular the complement of Z in X is nonempty.
